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A Comparative Study of Stability Methods for
Flexible Satellites
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Virginia Polytechnic Institute and State University, Blacksburg, Va.

AND

ROBERT A. CALICO!
Air Force Institute of Technology, W right-Patter son Air Force Base, Ohio

This paper compares three approaches to the stability of hybrid dynamical systems, all three methods being
based on the Liapunov direct method. The first method uses testing density functions, whereas the second involves
defining certain integral coordinates. Both the method using testing density functions and the method of integral
coordinates lead to closed-form stability criteria in terms of the system parameters. Criteria obtained using the
method of integral coordinates are, in general, less restrictive than those derived by the method using testing density
functions. On the other hand, the latter method is easier to apply and requires less work than the former. The third
method is the standard modal analysis. The modal analysis generally yields more involved criteria, depending on
the number of modes used to represent the elastic displacements. As an application, the attitude stability of an
Earth-pointing satellite with multielastic domains is investigated.

Introduction

THE motion of satellites with distributed flexible parts can
be described by a set of ordinary differential equations for

the rotational motion of a given reference frame and a set of
partial differential equations for the elastic motion relative to that
frame.1 Such a system of differential equations of motion has
come to be known as a hybrid dynamical system.

A common approach to the stability of distributed-parameter
systems is to discretize them. The most frequently used approach
is to regard the system properties as concentrated at certain
points of the domain of extension of the elastic continuum. This
approach is ordinarily referred to as the "lumped parameter
method" and less often as "spatial discretization." Another
common procedure is to represent dependent variables describing
the motion of the continuum by finite series of space-dependent
eigenfunctions multiplied by time-dependent generalized co-
ordinates. Certain weighted integrations over the domain of
extension of the continuum eliminate the space dependence, lead-
ing to a multidegree-of-freedom discrete system. This method is
generally known as "modal analysis" and less frequently as
"modal truncation." In an early attempt to treat rigorously
systems with elastic parts, Meirovitch and Nelson2 used both
these techniques to analyze the stability of motion of a spinning
satellite with flexible rods along the spin axis. Reference 2 also
contains a first study of the effect of modal truncation on the
stability criteria. In a later work. Dokuchaev3 used a single-mode
approximation, in conjunction with the modal analysis, to study
the stability of motion of a spinning satellite with five elastic
rods. The main criticism of the modal analysis is the uncertainty
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involved in the effect of the series truncation on the stability
criteria derived. Moreover, for a certain system there are no clues
as to the number of modes necessary for the method to yield
satisfactory results. Hence, an in-depth study of the effect of
series truncation is highly desirable.

In a first attempt to apply Liapunov's direct method to hybrid
systems from the area of satellite dynamics, Meirovitch1'4 studied
the stability of a spinning rigid body with elastic appendages.
Several new concepts were introduced in Ref. 1, such as the use of
the bounding properties of Rayleigh's quotient to eliminate the
dependence of the testing functional on the spatial derivatives,
as well as the concept of a testing density function. Reference 5
extends the development of Refs. 1 and 4 to hybrid systems with
multielastic domains, such as a spinning rigid body with n rigidly-
attached flexible appendages simulating an orbiting satellite. The
mathematical formulation consists of a hybrid set 0f 6(n+l)
Hamiltonian equations of motion, six of which are ordinary
differential equations for the rotational motion and 6n partial
differential equations for the elastic motion. The stability analysis
follows the pattern of Ref. 1, in which it is shown that under
certain circumstances the system Hamiltonian H is a suitable
Liapunov functional. The problem is shown to simplify con-
siderably in the case in which it is possible to define density
functions. However, it should be pointed out that this is not
always possible.

Another, not so common, discretization scheme, based on the
mathematical formulation of Ref. 5, involves the definition of
new generalized coordinates representing certain integrals
appearing in the testing functional as well as the use of Schwarz's
inequality for functions. The method, referred to as "the method
of integral coordinates" has been first introduced for the type of
problems discussed here in Refs. 6 and 7. A somewhat similar
approach, applicable to certain problems involving the stability
of bodies .with cavities filled with fluids, has been presented in
Ref. 8.

This paper uses the formulation of Ref. 5 and presents a com-
parative study of the application of the method using testing
density functions, the method of integral coordinates, and the
modal analysis to the stability analysis of hybrid dynamical
systems. In particular, the problem of attitude stability of an
earth-pointing satellite consisting of a main rigid body and six
flexible rods simulating antennas is solved.
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Problem Formulation
The mathematical formulation, including the stability analysis

for a hybrid dynamical system with multielastic domains, is
essentially that given in Ref. 5. It will not be repeated here, but
only the main features summarized.

Let us consider a body consisting of a rigid part occupying
the domain D0 and n flexible parts, rigidly attached to DQ and
occupying the domains Dt (i = l , 2 , . . . ,w) when in undeformed
state. The domains Dt have common boundaries only with D0
(see Fig. 1). Denoting by D the domain of extension of the entire
body, we have

Fig. 1 The rigid body with
flexible appendages.

(0)_ (0) .

Let m. (i = 0, 1 , . . . , n) be the masses associated with the domains
D., so that the total mass of the system is

We shall be concerned with the motion of m in a central-
force gravitational field produced by a spherically symmetric
body of total mass M, where the center of M will be regarded
as the origin of an inertial space XYZ. Hence, we can interpret
the motion of m as taking place about a fixed center of force C.F.
coinciding with the origin of the space XYZ. Let 0 be the origin
of a system xyz, such that 0 is the mass center of m and axes
xyz are the principal axes of m when in undeformed state. Note
that system xyz is embedded in D0 but may not be a set of
principal axes for D0. Let us also define sets of axes xt y. z. fixed
relative to D. (i = l , 2 , . . . ,w) and with directions such that the
elastic deformations are parallel to these axes for each domain.
When the body deforms the mass center of m no longer co-
incides with 0 in general. We shall denote the mass center of the
body in deformed state by c and sets of axes parallel to xyz and
x. yt z. but with the origin at c instead of 0 by <^( and <!; . r\i f .,
respectively.

Next denote the radius vector from 0 to a given point in
Dt (i = 0, l , . . . ,n) by r., where the point in question coincides
with the position of a mass element dmi when the body is in
undeformed state. Denoting by ii? jf, kf the unit vectors along
axes x., yit zf, respectively, the position vector rt can be written
as

The elastic displacement vector ut of element dm. depends on
that position, as well as time, so that
IL - ut(x., y., zv t)l + vt(xif yt, zt, t)j. + w.(xt, yt, z,, t)kt

The displacements u., v., w., measured along axes x., yt, z., respec-
tively, are regarded as infinite simally small. Denoting by rc the
vector from 0 to c, we conclude that ud = ut — rc represents the
displacement vector of the element of mass dmt relative to center
c.

Omitting several intermediate steps, which are given in Ref. 5,
we can write the kinetic energy in the matrix form

I — \J

i | wo)-
il [ {«'d}rK,-}

i=l Jrn,-
(D

where {Rc} is a column matrix whose elements represent the
velocity components of the mass center c, {co} the angular
velocity matrix of axes £rj£ relative to an inertial space, and [/.]
the square matrix of direction cosines between £ . r\{ £. and £?yf .
Moreover, [Jj is the inertia dyadic of mt in deformed state
expressed in terms of components about

a skew-symmetric matrix whose elements are given by the
relation

in which the superscript 0 indicates the base, smnl is the epsilon
symbol (see Ref. 9, p. 109), and {u'd} the matrix of elastic
velocities of dmt relative to c obtained by letting {co} = {0}. Also
from Ref. 5, we can write the gravitational potential energy

2R,
3K
2R? (2)

where K = GM, in which G is the universal gravitational con-
stant, Rc the magnitude of the vector Rc (see Fig. 1), and {/J
the matrix of direction cosines between Rc and <^£. (Note that
tr denotes the trace of the matrix in question.) Assuming that
the components of displacement corresponding to one elastic
domain are not affected by those corresponding to other elastic
domains, the elastic potential can be written in the general
functional form

VEL = I VEU = £
i = 1 i = 1

VEL® —— —— ——dxt
~ —— ——dxt' dyt' dzt'

d2ud d2ud

dz*
dD. (3)dx2 ' dxidyi

where VEL
(l) is the elastic potential energy density at a given

point of domain D..
Assuming that the mass center c moves in a circular orbit, we

have K = Q,2RC
3, where Q and Rc are constants representing the

orbital angular velocity and orbit radius, respectively. Moreover,
letting abc be an orbital set of axes, as shown in Fig. 2, the
orientation of £?/£ relative to abc is defined by three rotations
0j, 02, 03. The angular velocity matrix {co} can be regarded as
a function of the angular coordinates 0. and their rates of change
6j(J = 1,2,3). In view of the above, and recalling Eqs. (1-3), we
can write the system Lagrangian in the general functional form

dwd d2ud d2ud

dzt ' dx2 ' dxtdyt'"'' dz2r )dDi (*)
where

(5a)
is the portion of the Lagrangian associated with the rigid part,
and

fn2 tr ([/j r[Jj [/..D- WD^MW-V'
i = l , 2 , . . . , B (5b)

Fig. 2 The orbital set of axes.
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is the Lagrangian density at a given point of the domain /)-, in
which [Jj is the inertia matrix density, and pt the mass density
at the given point.

Introducing the generalized momenta
pej = dL/d6., 7 = 1 , 2 , 3 (6a)

and the generalized momentum densities

^ _ __ ^ __ __ ^ _ __ • _ 1 0 r/i ^AV\^

associated with any given point of the domain ZX, the
Hamiltonian H can be written in the general functional form

H = - L

^
Pwd' dx'

i = i D,
dwci 82uci d2uci

dzt dx2 ' dxt dyt' ' dz2

in which the meaning of H(0) and H(i) is self-evident.
Following the pattern of Ref. 1, the Hamiltonian equations of

motion become
dH

dfi®

dH.

dfi®

(8a)

where Eqs. (8b) must be satisfied at every point of the domain
D-. Moreover, they are subject to the boundary conditions

where St denotes the surface bounding the domain Dt (i = 1 ,2, . . . ,
n). Note that

are differential operators and Bk (k = 1,2,3,4) are differential
operator vectors; the square brackets do not denote matrices
in this case. The quantities

Quci> QVd> QWd
in Eqs. (8b) designate distributed internal damping forces.

We note that the system of Eqs. (8) is hybrid in the sense that
Eqs. (8a) are ordinary and Eqs. (8b) are partial differential
equations.

Stability of Hybrid Dynamical Systems
The stability analysis to be used here has been developed in

Ref. 5. We present here only the main features. Let us consider a
hybrid system with the state vector given by v = vd(r) + vc(P, f),
where \d(t) and vc(P, t) represent discrete and continuous vari-
ables, respectively. The system is described by the set of
differential equations

v = V(v, d\c/dx, d\c/dy, . . . , d2p\c/dz2p) (10)
where V is a vector function depending on the state vector and
spatial derivatives of the state vector through order 2p, in which
p is an integer. The state vector can be imagined geometrically
as representing an element in a space S (see Ref. 5). A solution

of system (10) constant in time, namely, a set of constants
satisfying

V(v, dvc/dx, d\c/dy, ..., d2p\c/dz2p) = 0 (11)
is known as a singular point or equilibrium point. Assuming,
without loss of generality, that the origin of S is an equilibrium
point, we shall concern ourselves with the stability of the trivial,
or null solution.

Stability is now defined in a manner analogous to the
Liapunov definitions of stability for discrete systems. To this end,
we first introduce the norm

where D is the domain over which continuous variables are
defined, and denote by ||v0|| the value of the norm at t = t0. Then
the trivial solution is defined as stable if for any arbitrary positive
quantitity £ and time t0 there exists a positive number d(£,t0)
such that the satisfaction of the inequality ||v0|| < d implies the
satisfaction of the inequality ||v(r)|| < g for all t ^ t0. If, in
addition,

lim ||v(t)|| =0
r->oo

then the trivial solution is asymptotically stable. We are con-
cerned exclusively with the cases in which a small initial state
||v0|| implies also small spatial derivatives, at least through order
p. The trivial solution is unstable if it is not stable.

To test the stability of system (10) in the neighborhood of the
trivial solution, we define a scalar functional U = U(v,dvjdx,
dvjdy, ..., dp\c/dzp) such that (7(0, 0, . . . , 0) - 0. We note that U
depends on spatial derivatives through order p, as opposed to
V which depends on derivatives through order 2p. Moreover, the
total time derivative of U along a trajectory of the system is
defined by
U = dU/dt = VlVv. + ̂ VtVv^D =

VlVV, + JDV0 c-V cdD
where the subscripts d and c designate quantities pertaining to
discrete and continuous variables, respectively.

Four theorems are presented in Ref. 5 according to which it
is possible to determine the system stability, or lack of it, from
the sign properties of U. Since the scalar functional U depends
on spatial derivatives of v, it may be difficult at times to determine
its sign properties. In such cases it may be possible to define
another scalar functional W(v)9 depending on the state vector v
alone, and such that U ̂  W. Then we can state the following.5

Stability Theorem

Suppose that for system (10) there exists a scalar functional
U such that U is negative semidefinite along every trajectory of
Eq. (10) and, in addition, the set of points at which U is zero
contains no nontrivial positive half-trajectory. Then, if a positive
definite functional W can be found such that U ^ W, the
trivial solution v = 0 is asymptotically stable.

The aforementioned Stability Theorem is an extension of
certain theorems by Liapunov and Krasovskii.5 The Stability
Theorem has significant implications as far as the stability
analysis of hybrid dynamical systems of the type considered
here is concerned.

In the case of our hybrid dynamical system the finite
dimensional vector space associated with \d is defined by 6p
pe (j — 1,2, 3) and the function space associated with

vc by uci, vci, wc., pud, pVd, pWd (i = 1, 2, . . . , n)
The space S is recognized as simply the phase space, which can
alternatively be regarded as being defined by the generalized
coordinates and velocities.

Using Eqs. (7) and (8), it can be shown that

A= I
i = 1 Dt

where only such

(12)
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have been considered that render H negative semidefinite and
reduce to zero only at the origin.

A case of special interest is that in which the angular motion
is referred to a rotating coordinate frame. In this case the angular
velocity vector can be written in the form

H = {to}0+HI (13)
where {co}0 depends on Q. ( /=1,2,3) alone, whereas {CD}I
depends on 9 ., 9- (j = 1,2,3). In particular, {co}1 is a linear com-
bination of the angular velocities 0 .. Under these circumstances,
the Hamiltonian can be shown to have the form

(14)H=T2-T0+V0+VEL

where

i = 1 D{

iW&JdDt (15a)

is quadratic in the generalized velocities and

(15b)
does not contain generalized velocities at all.

Whereas T2 depends on the generalized coordinates and
velocities, 7^ and VG depend on the generalized coordinates
alone. On the other hand, VEL depends on spatial derivatives
of the elastic displacements which makes the testing for positive
definiteness of the Hamiltonian considerably more involved.
There are cases, however, when these difficulties can be circum-
vented, namely, when in the elastic potential energy the displace-
ments uci, vci, and wci are independent of one another. Then,
following the reasoning of Ref. 5, we can use the bounding
property of Rayleigh's quotient to show that

+w,

II PiKJWlK;}^ d6)
i = l JDi

where [Alf
2] is a diagonal matrix of the lowest eigenvalues

associated with the vibrations u., vt, w., respectively. Introducing
the new functional

(17)

where K is such that H^K, we conclude from the Stability
Theorem introduced above that the trivial solution is asymp-
totically stable if K is positive definite in the neighborhood of
the origin.

But K can be written as the sum K = Kl-\-K2, where K^ = T2
which is positive definite by definition. It follows that the null
solution is asymptotically stable if K2 is positive definite. In
general {co}0 involves the orbital angular velocity Q and can be
written as {co}0 = Q{lc}, where {/J is the column matrix of direc-
tion cosines between axis c and axes ̂ . Moreover, we wish to
write matrix [J] as the sum of n+l parts, namely, [J]r and

Fig. 3 The flexible Earth-
pointing satellite.

[J.]e (i = \,2,...,n), where the first is obtained by regarding the
entire body as rigid and the remaining n parts represent changes
due to the elastic deformations, so that

(18)

where [J.]r is the inertia matrix of the mass associated with
domain Dt when the part is in undeformed state. In view of this,
we obtain

n f

&2 E (
i = l JDi

To test K2 for positive definiteness, we define a testing density
function given by /c2 such that

*2 = fa, JD2-Ji>/2^1^2 •••<">,,
in which D. represents the extension of the ith domain, and test
K2 for positive definiteness at every point of that domain. The
conditions for the positive definiteness of K2 thus obtained are
more stringent than necessary. The sign of jc2 can be tested by
means of Sylvester's criterion (see Ref. 9, Sec. 6.4) by writing a
Hessian density matrix \jfc~] E as the matrix of the coefficients
associated with K2\E, where the latter is simply the value of K2 in
the neighborhood of the equilibrium point in question, namely,
the origin.

In the case in which it is not possible to define density matrices,
some discretization procedure may be used in conjunction with
Eq. (19). One approach consists of the introduction of new time-
dependent coordinates representing certain integrals involving
elastic displacements. This approach may require the use of the
Schwarz inequality for functions. Another discretization tech-
nique is, of course, modal analysis in conjunction with series
truncation.

Stability of Motion of Earth-Pointing Satellites with
Flexible Appendages

A. Method of Testing Density Functions

We shall be concerned with the stability of an Earth-pointing
satellite consisting of a main rigid body with three pairs of rods
(see Fig. 3), where the rods can undergo flexural motion. The
rods coincide with the satellite principal axes when in undeformed
state. Since in this special case axes xiyizi (i = 1,2,..., 6) and
xyz coincide, it follows that [/.] = [1] (i = 1,2,3) and [/.] =
— [1] (i = 4,5,6), where [1] is the unit matrix. In view of this,
K can be written as

\,{lt} +tr [J],-

7 /7 \Tr n / / u_io2 V n (U \JlV LJ-\r\Lai) 211 Zj Ui(\lc>
i = l

U)+i I. PI
i= 1

(20)

The domains Dt (i = 1,2,...,6) in Eq. (20) are defined by
ht < xt< fc. + / . ( i= l,4),/z. <y. < fc. + / .( i = 2,5),/z. < z. <hi + li
(i — 3,6). Denoting by A, B, and C the moments of inertia of the
entire body in undeformed state about axes x, y and z,
respectively, we can write

-mxcyc

-mxcyc

-myczc

-myczc (21)
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Moreover, it is not difficult to show that

95

(22)

Matrices [34~\e, [J5]e, [J6]e are obtained from [Jje, [J2]e, [J3]e
by replacing the subscripts 1, 2, 3 by 4, 5, 6, respectively. Let us
assume that system {77^ is obtained from abc by means of the
following rotations: 92 about b yielding the system db'c', — 91
about a' yielding a"b"c", and 93 about c" yielding £?/£. In view
of this, matrices {/c} and {la} can be shown to have the forms

{lc}= s92s93-s61c02c93

c9, c92
(23)

c91 s9
We shall be concerned with the equilibrium configuration in

which the body is at rest relative to the orbital axes, namely, that
in which axes xyz and abc coincide. In an inertial space the body
rotates with angular velocity Q about z. The equilibrium con-
figuration is defined by E: 91 = 92 = 93 = v1 = w1 = u2 . . . =
v6 = 0, where the latter imply also vcl = wcl = uc2 = ... =
vc6 = 0. Inserting Eqs. (21-23) into Eq. (20), and ignoring small
quantities in the variables, we obtain

'2 •-• • '6

26 1 (P2

14x4 vc I2y2 uc

1 Z V ~

uc5)] +

We note that terms involing the motion xt, yt, z. of the mass
center explicitly have been ignored under the assumption that
they are one order of magnitude lower than that of the elastic
displacements. Moreover, such terms appear to second power
only.

The quantity Alt;i
2 is the lowest eigenvalue satisfying the

eigenvalue problem defined by the differential equation

which must be satisfied over the domain Dlf where v1 is subject
to the boundary conditions

BJvil =Q BJv<~\ =Q at x, = h<1L 1J 2L 1J 1 1 £6j
B3lVl] = °> B4.lVl] = 0 at X1=k1 + I1

Similar eigenvalue problems must be satisfied by A lvVi
2, A l M 2

2 , . . . ,
A lyg

2. To determine the form of the operators &Vi, Bv B2, B3,
and B4, we write the system elastic potential energy

VEL == ^ I ^ *-'-'«. I ^ T I ~^~El^t ( — ^ I +

L + £/,., 8y2

Sz6
2

•d\
(27)

where EIV is the flexural stiffness about an axis parallel to z
and P is the axial centrifugal force at xr Similar definitions
can be given for E!WI, EIU2, EIV6, and Pyz,...,P . Several inte-
grations by parts of the terms in v1 lead us to the conclusion
that the operator &Vi has the form

' -T-^,.^ (28)

whereas the operators defining the boundary conditions are
d d2

d2 (29)
-P,

Moreover, the axial centrifugal force can be shown to have the
expression (see Ref. 10, Sec. 10-4)

,30)

Operators &Wi, &U2,...,<$fW5 have the same structure as S£v^
and analogous statements can be made concerning the operators
defining the corresponding boundary conditions. Operators
J*?M3, J^y3, J5?U6, and <£V6, on the other hand, do not contain
the term due to the axial force and neither do the operators B4
associated with these vibrations.

Expression (24) can be tested for positive definiteness by means
of Sylvester's criterion. To this end, we note that K2 E can be
written as the sum of three independent quadratic forms. Ignoring
the common factor (21112,...,16)~1, and using Sylvester's
criterion, the stability conditions resulting from the requirement
that all three quadratic forms be positive definite can be shown
to reduce to

C-B- [(A1W2/Q)2+1] [(A1W5/Q)2 + 1]

(Aly6/Q)2 *> 0 (3la)

C-A-
[(A1W4/Q)2

[(AlM3/Q)2-3] [(AlM6/0)2-3]
>0 (31b)

_________'max 3/5(p,y5
2)ma;i

[(A1U2/fl)2-3] [(A1U3/fi)2-3]

(AlM6/Q)2

(AlM2/Q)2

(AlMs/Q)2

> 0 (31c)

(3 W)
(31e)
(3 If)
(31g)

since the satisfaction of these inequalities ensures that all the
principal minor determinants are positive. We note that for
uniform rods the quantities (P2y2

2)ma*...,(p6z6
become pl(hl + /j)2, p2(h2 + /2)2, . . . ,p6(/*6 + /6)2, respectively.
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B. Method of Integral Coordinates
In contrast to the method using testing density functions, we

shall now attempt to determine conditions for the positive
definiteness of K2 by relaxing the requirement that its density be
positive definite at every point of the domain of definition. To
this end, we insert the results of Eqs. (21-23) into Eq. (19) and
obtain the value of the K2 in the neighborhood of the equilibrium
point in the form

f D3

%°2(

Jl>3
6Q3(

f D2

1 (f D D2 + JDs p5y5 wc5 dD5

$De P6z6vc6 dD6)-

dD

dD

(32)

Note that terms of order higher than two have been neglected.
Furthermore, terms involving the motions xc, yc, zc of the mass
center explicitly have been ignored for the same reasons as given
before.

We shall now define new generalized coordinates involving
integrals appearing in K2 E. Specifically, let us define the following
integral coordinate

(33)

Similar definitions exist for v4(t), w1(t), ... ,v6(t\ By using
Schwarz's inequality for functions, in conjunction with these
integral coordinates, we convert a testing functional into a
testing function whose positive definiteness ensures stability.
Although this is essentially a discretization scheme, it does not
involve any truncation and the results obtained by this method
can be accepted with confidence.

Recalling Schwarz's inequality for functions, and concentrating
on the first integral coordinate in Eq. (33), it is not difficult to
show that

JDPi»ci2<«>i (34)
Using the definition of vt, inequality (34) can be rewritten as

(35)
where

represents the moment of inertia of the rod associated with the
domain D^ about a transverse axis through 0. Similar inequalities
can be derived for the integral coordinates v4,..., v6, involving
vc4,...,vc6, respectively. Inserting inequality (35), and the
analogous inequalities for the other integral coordinates, into
Eq. (32), we can define the testing function K3\E given by

+ u6)+201(w2

6
2(i>6

2//6)} (36)
Note, by contrast, that K3\E is a function, whereas K2\E is a
functional. Due to the nature of the inequalities used, it is easy
to see that

(37)

Hence, if K3\E is positive definite, then the null solution is
asymptotically stable; this can be ascertained by means of
Sylvester's criterion. To this end, we form the Hessian matrix
associated with K3\E and test its principal minor determinants,
which leads to the following stability criteria
C-B-I^A^/^+ir'-/^^/^!]-'-

/3(AUj/n)-2-/«(Alrs/n)-2 > 0 (38a)

4/3[(A1U3/a)2-3]-1-4/6[(A1U6/n)2-3]-1 >0 (38b)

> 0

(A1U3/Q)2 > 3
(A1U6/n)2 > 3
(A1U2/fi)2 > 3
(A1U5A1)2>3

(38c)
(38d)
(38e)
(38f)
(38g)

C. Modal Analysis

To perform a stability analysis by means of the normal
modes procedure, we assume that the elastic displacements can
be represented by finite series of suitable space-dependent eigen-
functions multiplying corresponding time-dependent generalized
coordinates in the following form:

n\ ni

i = l i= l

where w1 is a constant integer, c/>u and {//lt are eigenfunctions
corresponding to the various elastic rods, and Vu and Wu are
associated generalized coordinates. Similar series can be
expanded for u2, w2,..., v6.

Consistent with our previous discussion of the nature of the
centrifugal forces, we recognize that the eigenfunctions entering
into expressions (39), as well as those for U2,w2,...,v6, are
defined by two distinct types of eigenvalue problems. The eigen-
functions associated with the domains Dlf D2, D4 and D5 must
satisfy eigenvalue problems defined by Eq. (25), where the
operator & and the associated boundary conditions are given
by Eqs. (28) and (29). On the other hand, the eigenvalues
associated with the domains D3 and D6 again satisfy eigenvalue
problems defined by Eq. (25), but the operator & and the
associated boundary conditions do not contain terms due to the
axial centrifugal force. The solution of these eigenvalue problems
is discussed in Ref. 10 (see Sees. 5-10, 10-4).

The eigenfunctions possess the orthogonality property. More-
over, they can be normalized, so that

J^Pi^C^i)^/*!)^! = $ij (40)
where dtj is Kronecker's delta. Similar expressions can be written
for the remaining eigenfunctions.

In view of the preceding, if we consider the corresponding
boundary conditions, a typical term in Eq. (27) becomes

Hence, the elastic potential energy VEL can be regarded as a
function of the generalized coordinates Vu, Wu,...,V6i. Note
that, for consistency with the first of expressions (39), the sub-
script vt and the index i in \v^ are in reverse order to that
used in expressions (16) and (17).

In the normal modes procedure, it is not necessary to use the
bounding properties of Rayleigh's quotient. Examining Eqs. (14)
and (17), in view of the discussion following Eq. (17), we can
define -the new testing functional

*4=-T0+VG+VEL (42)
which is often referred to as the dynamic potential. In this
particular case, the Stability Theorem reduces to Theorem 2 of
Ref. 5. Moreover, it is easy to see that if K4 is positive definite,
H is positive definite and the system asymptotically stable. We
shall assume, for the sake of this analysis, that the motion of the
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Fig. 4 Stability regions
with Q/AlM as parameter.
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mass center is negligible, which is equivalent to saying that
vcl = vv wcl = wlf etc. Evaluating /c4 in the neighborhood of the
equilibrium point, and replacing the elastic displacements by the
appropriate modal expressions, we obtain a quadratic function
in the variables Olt02,03, Vlt, Wlt,..., V6i, where the function is
denoted by K4\E. The number of variables considered depends on
the number of modes assumed, namely, on the integers «1, n2, - • - ,
n6. The sign definiteness of K4\E can be established by using
Sylvester's criterion. To this end, the Hessian matrix associated
with K4\E is formed and its principal minor determinants tested.
This yields the following stability criteria

C-B-

> 0 (43a)

C-A-4 Jwli
2/(l+AWi,.2/n2)-4 J

i = 1 i = 1

4 "t -/u3i
2/(AU3i

2/n2-3)-4 "t yu6i
2/(AU6J

2/n2-3) > o
(43b)

B-A-3 Ju2
2/(\2

2/Q2-3)-3 £ Ju5i
2/(AU5i

2/&-3)-

3 "t •WM.ynf-s I j^AA.yn)2 > o
i = 1 i = 1

(AU3i/«)2 > 3

(AU6i/")2 > 3
(AU2J/n)2 > 3
(AU5i/")2 > 3

(43c)

(43d)
(43e)
(43f)
(43g)

where
f*

, =
Jhi

etc-

Numerical Results
The general solution of the stability problem of a rigid satellite

with three (or less) pairs of uniform rods has been programmed
for digital computation, and a numerical solution obtained.
Results are presented for the criteria developed using each of the
three methods considered. For the numerical study, it is assumed

that the rods have equal mass and stiffness properties, equal
lengths, and, in addition, the rigid body dimensions hlt h2, h3,...,
h6 are equal. The above restrictions are placed only on the
numerical solution to facilitate the presentation of data; there are
no such restrictions placed on either the problem formulation, or
computer program. Figure 4 shows the regions of stability for a
rigid satellite in the parameter plane defined by Kl and K2, where
K^ = (C-B)/A and K2 = (C-A)/B. We notice that this plot is
the same as that given in Ref. 11, which considers a strictly rigid
satellite, except for the change in sign in the definition of K2,
and for the fact that the "Delp" region has not been included
here because it is not Liapunov stable. The results of Ref. 11
appear in Fig. 4 as the special case defined by Q/AlM = 0. To
verify this statement, we note that if we consider the rods as
rigid members the associated natural frequencies become infinite,
and the terms introduced into the criteria by the elastic effects
reduce to zero. The results shown in Figs. 4-6 are based on
criteria derived by using the method of integral coordinates. In
Fig. 4 the effect of the spin ratio Q/AlM3 is shown. Curves of
constant spin ratio are plotted for a fixed value of the parameter
RA, where RA = 2I/A0. Note that AQ is the moment of inertia
associated with the rigid domain D0. The regions of stability lie
above and to the right of corresponding bounding curves. We
note that as the frequency ratio increases the size of the stability
region considered decreases. In fact, examining inequality (38d),
we see that for a frequency ratio Q/AlM3 = (1/3)1/2 the motion is
unstable, regardless of the value of RA. In Fig. 4 we notice that
the curves of constant n/Alu have abrupt slope changes, the
reason for these changes being demonstrated in Fig. 5. We recall
from our analysis that three separate criteria involving the
moments of inertia must be satisfied for stability. The abrupt
changes in the slope of the stability boundary in Fig. 4 occur
at the points of intersection of the stability boundaries obtained
using each of the three criteria. Figure 6 shows the effect on
system stability of changes in the parameter RA. We notice that
increasing #,4 decreases the size of the region of stability. Figure 7
shows a comparison of the three methods presented. The curve
representing the modal analysis was obtained using a three mode
approximation. The figure shows close agreement between the
criteria obtained by the modal analysis and those obtained by the
method of integral coordinates. The normal mode approximation
yields a slightly larger region of stability, as should be expected.
The number of modes used did not seem to affect the results
appreciably and, indeed almost identical results were obtained
using one mode or two through five modes. This, however, can

Fig. 5 Detailed plot of
stability boundaries.

Fig. 7 Comparative stabi-
lity boundaries plots.
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be attributed to the type of deformation obtained for this
particular problem, due to the relatively low spin involved, and
should not be regarded as a clue as to the number of modes to
be used for any other problem. The comparison between the
method of integral coordinates and that using testing density
functions shows that the criteria obtained by using testing density
functions are much more restrictive than those derived by using
integral coordinates. This difference is due to the fact that the
method using testing density functions bases the stability criteria
on the worst possible case as far as moments of inertia of the
elastic appendages are concerned, whereas the method of integral
coordinates bases them on certain average values that involve
quantities directly proportional to moments of inertia of these
appendages. The difference in the stability regions obtained by
the two methods tends to be largest when the mass of the rods
is concentrated near the points of attachment and reduces to
zero for the case in which the mass of the rods is concentrated
at the free ends.

Summary and Conclusions
This paper presents three different approaches to the

Liapunov stability analysis of hybrid dynamical systems, namely,
the method based on testing density functions, the method of
integral coordinates, and the modal analysis. The first two of
these represent new developments, whereas the last one has been
used by many authors, including those of this paper, in conjunc-
tion with this and various other problems. Also in contrast to the
modal analysis, the first two methods yield closed-form stability
criteria, but in general the criteria derived by the method of
integral coordinates are less restrictive than those derived by
using testing density functions. On the other hand, the method
using testing density functions is easier to apply and requires less
work than the method of integral coordinates. Moreover, whereas
the definition of a testing density function is generally straightfor-
ward, in cases other than that considered here the definition of
integral coordinates may cause difficulties. The modal analysis
generally yields more involved stability criteria, depending on the
number of modes used to represent the elastic displacements.
This, of course, implies that the solution of the eigenvalue

problem associated with the elastic parts is known. For elastic
domains of peculiar shape or nonuniform stiffness and mass
distributions the solution of the eigenvalue problem alone may
cause difficulties.

All three methods can be used to determine stability regions in
the parameter space. However, the modal analysis is considerably
more laborious than the method using testing density functions
or integral coordinates. Moreover, the uncertainty concerning the
modal truncation effect on the stability criteria still remains, and
further work on this subject is desirable.
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